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The post-Minkowskian approach to gravitationally interacting binary systems (i.e., perturbation
theory in G, without assuming small velocities) is extended to the computation of the dynamical
effects induced by the tidal deformations of two extended bodies, such as neutron stars. Our
derivation applies general properties of perturbed actions to the effective field theory description of
tidally interacting bodies. We compute several tidal invariants (notably the integrated quadrupolar
and octupolar actions) at the first post-Minkowskian order. The corresponding contributions to the
scattering angle are derived.
I. INTRODUCTION
The post-Minkowskian (PM) approach to gravitational
interaction, which was pioneered some time ago [1–8], has
been recently revived [9, 10] and has undergone many
developments both in classical gravity [11–15], and in
the connection between classical gravity and quantum
scattering amplitudes [16–36]. The aim of the present
paper is to extend the post-Minkowskian approach to
tidal effects in binary systems.
Tidal interactions are expected to play an important
role in driving the dynamics of the last orbits of coalesc-
ing binary systems comprising at least one neutron star.
Up to now, tidal effects in binary systems have been stud-
ied within either: i) the post-Newtonian (PN) approach
[37–39]; ii) numerical relativity (see e.g., [40–43]); and iii)
the gravitational self-force (SF) approach [44–46]. In ad-
dition, it was found useful [47] to transcribe the results
of the latter approaches within the effective one-body
(EOB) formalism [48–50].
The state-of-the-art of our analytical knowledge of
tidal interactions in non-spinning comparable-mass bi-
nary systems is presently limited to the second PN
approximation [51], while, in the limiting situation of
extreme-mass-ratio systems, SF theory has obtained
high-order PN results in the framework of linear pertur-
bation theory [44, 52, 53].
The starting point of our present computation is the
effective field theory description of the dynamics of grav-
itationally interacting extended bodies [47, 54–56]. This
approach will be briefly recalled in Sec. III. It describes
finite size effects by adding to the point-mass action of
a two-body system certain non-minimal worldline cou-
plings, defined as integrals of tidal invariants along the
worldlines of the bodies. The coefficients appearing in
front of these non-minimal worldline couplings are cer-
tain tidal polarizability parameters (linked to “Love num-
bers”), which can be computed given some equation of
state for the nuclear matter [57–60]. Adopting such an
effective action description of tidal effects, we will com-
pute here several integrated tidal invariants associated
with the worldlines of the two members of a binary sys-
tem undergoing hyperbolic motion. Our calculations will
be performed within PM theory, at the first PM approxi-
mation level (1PM), i.e., at first order in the gravitational
constant G, but at all orders in velocities. We will focus
on quadratic and cubic invariants of both electric and
magnetic types.
We will generally use units where c = 1. The masses
of the two gravitationally interacting bodies are denoted
by m1 and m2. We then define the total rest mass of the
system (M), the reduced mass (µ) and the symmetric
mass-ratio (ν) as
M ≡ m1 +m2 , µ ≡ m1m2
M
,
ν ≡ µ
M
=
m1m2
(m1 +m2)2
≤ 1
4
. (1.1)
We will sometimes use the dimensionless mass ratios
X1 ≡ m1
M
, X2 ≡ m2
M
= 1−X1 , (1.2)
with the link ν = X1X2.
II. PERTURBED ON-SHELL ACTION AND
SCATTERING
Here we shall follow Sec. II E of Ref. [51] and show
how some general properties of reduced actions allow one
to simplify the discussion of additional effects perturbing
a basic dynamics. We consider a two-body system whose
interaction can be decomposed into some zeroth-order
(unperturbed) dynamics modified by an additional inter-
action, of strength measured by a parameter ǫ, say
S = S0 + ǫ S1 . (2.1)
When using an Hamiltonian formulation, such a per-
turbed dynamics is described by a Hamiltonian of the
general form,
H(p,q) = H0(p,q) + ǫH1(p,q) . (2.2)
Here H0(p,q) describes the unperturbed dynamics while
ǫH1(p,q) describes a specific perturbation. Examples of
2this very general setting are: i) free motion perturbed
by the interaction mediated by some field; ii) geodesic
motion in a black hole background perturbed by SF ef-
fects; iii) EOB description of 1PM gravity perturbed by
higher PM interactions; iv) nonspinning dynamics per-
turbed by spin effects, etc. In the following we consider
the case where the tidal deformation of two interacting
bodies perturbs the dynamics of two pointlike objects.
When studying, as we shall do, the relative dynamics
of a two-body system considered in the center-of-mass
(c.m.) frame, the phase-space variables reduce to that of
one particle1 of position R = R1 − R2 and momentum
P = P1 = −P2. Then, the energy conservation law
yields
E = H0(R,PR, Pφ) + ǫH1(R,PR, Pφ) , (2.3)
where R = |R|. Let us define P (0)R (R;E,Pφ) as the un-
perturbed solution of the energy conservation law, i.e., of
the equation
E = H0(R,P
(0)
R , Pφ) . (2.4)
Writing the solution of Eq. (2.3) as
PR(R;E,Pφ) = P
(0)
R (R;E,Pφ)+ ǫP
(1)
R (R;E,Pφ)+O(ǫ
2)
(2.5)
leads to the following first-order equation for P
(1)
R
E = H0(R,P
(0)
R , Pφ) +
∂H0
∂PR
ǫP
(1)
R + ǫH1 +O(ǫ
2) , (2.6)
so that
ǫP
(1)
R (R;E,Pφ) = −ǫ
[
H1
∂H0
∂PR
]
PR=P
(0)
R
(R;E,Pφ)
+O(ǫ2) .
(2.7)
When considering bound motions, a crucial invariant
quantity is the radial action, integrated over one radial
period,
SR(E,Pφ) =
∮
PR(R;E,Pφ)dR . (2.8)
As pointed out in Ref. [9], the analog of this invariant
for scattering motion is the (subtracted) radial action,
SsubtR (E,Pφ) =
∫ +∞
−∞
dR[PR(R;E,Pφ)−P freeR (R;E,Pφ)] ,
(2.9)
where P freeR (R;E,Pφ) denotes the value of PR in absence
of any interaction 2, and where the integral is taken over
1 Note, in passing, that this is the first element of the EOB ap-
proach to two-body dynamics.
2 Free motion here means motion in absence of any interaction,
and not only of the additional interaction contained in H1.
the full scattering motion [symbolically indicated by the
time interval t ∈ (−∞,+∞)]. For instance, when using
the (real) phase-space coordinatesR = R1−R2 and P =
P1 = −P2, one defines P freeR (R;E,Pφ) as the solution of
E =
√
m21 +P
2 +
√
m22 +P
2 , (2.10)
with P2 = P 2R + P
2
φ/R
2. The corresponding equation
within the EOB formalism would be simply
µ2 +P2eob = E
2
eff , (2.11)
with P2eob = (P
eob
R )
2 + (P eobφ )
2/R2, P eobφ = Pφ, and with
the EOB effective energy defined as [9, 48]
Eeff =
E2 −m21 −m22
2(m1 +m2)
. (2.12)
The subtracted term P freeR (R;E,Pφ) has the effect both
to render convergent 3 the radial action (which would
otherwise diverge linearly at large R) and to subtract the
free-motion contribution, π, from the scattering angle.
Indeed,
−
∫ +∞
−∞
∂
∂Pφ
PR
freedR = π . (2.13)
The total angular change during scattering is
Φscatt = −
∫ ∞
−∞
dR
∂
∂Pφ
PR(R;E,Pφ) , (2.14)
where the integral is convergent because of the Pφ differ-
entiation in the integrand. The corresponding scattering
angle χ ≡ Φscatt − π is then given by
χ = −
∫ ∞
−∞
dR
∂
∂Pφ
PR(R;E,Pφ) (2.15)
+
∫ ∞
−∞
dR
∂
∂Pφ
P freeR (R;E,Pφ)
= −
∫ ∞
−∞
dR
∂
∂Pφ
[PR(R;E,Pφ)− P freeR (R;E,Pφ)] .
Therefore
χ(E,Pφ; ǫ) = − ∂
∂Pφ
SsubtR (E,Pφ) , (2.16)
where the Pφ-derivative could be taken out because the
subtracted radial action is convergent for large R.
The scattering angle (2.16) is the full ǫ-perturbed an-
gle. When expanding χ in series of ǫ,
χ(E,Pφ; ǫ) = χ
(0)(E,Pφ)+ǫχ
(1)(E,Pφ)+O(ǫ
2) , (2.17)
3 Modulo the mild Coulomb logarithmic divergence when working
in 3 space dimensions.
3we find that
χ(0)(E,Pφ) = − ∂
∂Pφ
∫ ∞
−∞
P
(0)
R (R;E,Pφ)dR , (2.18)
and
ǫχ(1)(E,Pφ) = −ǫ ∂
∂Pφ
∫ ∞
−∞
P
(1)
R (R;E,Pφ)dR . (2.19)
Inserting the expression of P
(1)
R , Eq. (2.7), in Eq. (2.19)
yields
ǫχ(1)(E,Pφ) = +ǫ
∂
∂Pφ
∫ ∞
−∞
H1
∂H0
∂PR
dR . (2.20)
According to Hamilton’s equations ∂H0∂PR can be replaced
by the time derivative dRdt taken along the unperturbed,
H0-driven, motion so that
χ(1)(E,Pφ) = − ∂
∂Pφ
S
(1)
R (E,Pφ) . (2.21)
Here we have introduced the notation S
(1)
R (E,Pφ) for the
ǫ piece of the subtracted radial action
SsubtR (E,Pφ; ǫ) = S
subt
R (E,Pφ; 0) + ǫS
(1)
R (E,Pφ) +O(ǫ
2) .
(2.22)
From the above results, we can write the following ex-
plicit (equivalent) expressions for S
(1)
R (E,Pφ)
S
(1)
R (E,Pφ) =
∫ +∞
−∞
P
(1)
R dR
= −
∫ +∞
−∞
H1
∂H0
∂PR
dR
= −
∫ +∞
−∞
dt(H0)H1 . (2.23)
In addition, using the general property, δL(q, q˙, . . .) =
−δH(q,p), relating a first-order change in a Lagrangian
to a change in the corresponding Hamiltonian, we can
directly relate S
(1)
R (E,Pφ) to the ǫ piece of the original
(Lagrangian-type) action, Eq. (2.1), namely
S
(1)
R (E,Pφ) = [S1]
on−S0−shell
(E,Pφ)
, (2.24)
where the notation on the right-hand side indicates that
one must on-shell evaluate S1 along a full S0-driven (or
H0-driven) motion, with given total energy and angu-
lar momentum. In the case where ǫ denotes the pertur-
bation linked to the nonlocal tail effects in the orbital
dynamics, this result was obtained in Ref. [61], where
the gauge-invariant “potential” for the perturbed scatter-
ing angle was denoted as W (1)(E,Pφ) = −S(1)R (E,Pφ) =
+
∫∞
−∞
dt(H0)H1.
The gauge-invariant nature of S
(1)
R (E,Pφ) allows one
to easily transcribe its value within the EOB framework.
We recall that EOB theory formulates the center-of-mass
two-body dynamics in terms of a mass-shell constraint of
the general form
gµνeffP
eob
µ P
eob
ν + µ
2 +Q = 0 , (2.25)
where Q is a function in EOB phase-space (which is
not simply quadratic in P eobµ ). When considering the ǫ-
perturbed version of the EOB mass-shell condition (2.25)
one has the choice to parametrize perturbations either
by modifying the effective metric gµνeff (when this is pos-
sible) or by changing the Q term in the mass-shell condi-
tion (2.25), or by doing both. In several previous papers
dealing with tidal effects [47, 51] it was found convenient,
when focusing on circular motions, to describe tidal ef-
fects by an additional term in gµνeff and more precisely
in its main radial potential A(R) = −geff00 . By contrast,
here, as we are considering hyperbolic motions, it will
be more convenient to describe tidal effects by an ad-
ditional (non-quadratic-in-momenta) term in Q. Let us
then consider a perturbed mass-shell of the form (2.25),
with a perturbed Q of the general type
Q = Q(0) + ǫQ(1) . (2.26)
For simplicity, we shall assume here that the unperturbed
effective metric is spherically symmetric (as is the case
for non-spinning bodies):
geffµνdx
µdxν = −A(Reob)dt2eob +B(Reob)dR2eob
+R2eob(dθ
2
eob + sin
2 θeobdφ
2
eob) .(2.27)
The effective Hamiltonian, Heff , is obtained by solving
the EOB mass-shell condition, Eq. (2.25), with respect
to P eob0 = −Heff , i.e.,
H2eff = A(Reob)
[
P 2eobR
B(Reob)
+
P 2eobφ
R2eob
+ µ2 +Q(0) + ǫQ(1)
]
.
(2.28)
If we assume that Q(0) does not depend on P eob0 (as, for
example, was done in Ref. [10]), we then find that
Heff(Reob, P
eob
R , P
eob
φ ) = H
eff
0 + ǫH
eff
1 +O(ǫ
2) , (2.29)
with
(
Heff0
)2
= A(Reob)
[
P 2eobR
B(Reob)
+
P 2eobφ
R2eob
+ µ2 +Q(0)
]
,
(2.30)
and
Heff1 =
A
2Heff0
Q(1) . (2.31)
Let us recall the crucial facts that –because of their
gauge-invariant properties– both the EOB effective (sub-
tracted) radial action, the total EOB angular momen-
tum, and the EOB scattering angle coincide with the
4corresponding “real” physical quantities,
P eobφ = P
real
φ ,
Seff, subtR (Eeff , Pφ; ǫ) = S
real, subt
R (Ereal, Pφ; ǫ) ,
χeob(Eeff , Pφ; ǫ) = χ
real(Ereal, Pφ; ǫ) . (2.32)
We also recall that the effective energy, Eeff = −P eob0 =
Heff is related to the real energy Ereal = Hreal by the
energy map [9, 48]
Hreal = M
√
1 + 2ν
(
Heff
µ
− 1
)
. (2.33)
One then easily finds that the ǫ piece of the total effective
(subtracted) radial action (which is equal to the real one)
Seff, subtR (Eeff , Pφ; ǫ) = S
eff, subt
R (Eeff , Pφ; 0)
+ ǫS
(1)eff
R (Eeff , Pφ) +O(ǫ
2),
(2.34)
is equal to its real counterpart
S
(1)eff
R (Eeff , Pφ) = S
(1)real
R (Ereal, Pφ) , (2.35)
and is given by the following expressions
S
(1)eff
R (Eeff , Pφ) =
∫ ∞
−∞
P eobR
(1)dReob
= −
∫
dReob
∂Heff0
∂P eob
R
Heff1
= −
∫
dt
Heff0
eff H
eff
1 . (2.36)
Here t
Heff0
eff denoted the effective time evolution parameter
(defined by Hamilton’s equations), evaluated along the
unperturbed effective motion, so that
dReob
dt
Heff0
eff
=
∂Heff0
∂P eobR
. (2.37)
Substituting in Eq. (2.36) the value of the perturbed
effective Hamiltonian, Eq. (2.31), also yields the expres-
sion
S
(1)eff
R = −
1
2
∫
dσ(0)Q
(1) , (2.38)
where
dσ(0) =
AdReob
Heff0
∂Heff0
∂P
(0)eob
R
. (2.39)
In the cases where the PR-dependence of the unperturbed
effective Hamiltonian is accurately described by
(Heff0 )
2 = A
(
(P eobR )
2
B
+ P eobR -independent terms
)
,
(2.40)
the parameter σ0 simplifies to
dσ(0) = B
dReob
P
(0)eob
R
=
dReob
PR(0)eob
, (2.41)
where PR ≡ gRReff PR = PRB . The corresponding formula
for the perturbation of the scattering angle,
χ(1) = +
1
2
∂
∂Pφ
∫
dσ(0)Q
(1) , (2.42)
agrees with the result obtained in Eq. (4.22) of Ref. [10],
where the unperturbed squared effective Hamiltonian
was a Schwarzschild mass-shell condition (gµνeff = g
µν
Schw
and Q(0) = 0) and where the ǫ parameter was G2, with
Q(1) =
∑
k≥2 u
kqk(H
Schw
eff ) (PM energy gauge). In that
case σ(0) was the unperturbed (µ−normalized) effective
proper time along the geodesic Schwarzschild motion.
Summarizing: in a general ǫ-perturbed situation, the
crucial potential from which one can deduce scatter-
ing information is the on-shell perturbed radial action
S
(1)
R (E,Pφ) = −
∫+∞
−∞
dt(H0)H1, integrated along the full
hyperbolic motion. From the function S
(1)
R (E,Pφ) one
then deduces, by Pφ-differentiation, the scattering an-
gle. Let us note in passing that the E-differentiation of
SsubtR (E,Pφ; ǫ) yields the (full) Wigner time delay [62], so
that ∂S
(1)
R (E,Pφ)/∂E is the O(ǫ)-correction to this time
delay. The time delay is a gauge-invariant observable
quantity associated with a general scattering situation
which has not received yet much attention in the gravi-
tational physics literature. Let us also note, as recently
pointed out in Ref. [63], that SsubtR (E,Pφ) is equal to
the classical limit of the quantum phase shift (entering
the partial wave decomposition of the quantum scatter-
ing amplitude)
SsubtR (E,Pφ) =
2 δl(E)
~
, (2.43)
where l = Pφ/~, see e.g., Eq. (4.5) of Ref. [63].
III. WORLDLINE TIDAL ACTIONS
In the following we will apply the general results of
the previous section to the case where the unperturbed
dynamics is that of two pointlike objects, and where the
perturbation is due to the tidal deformations of two ex-
tended bodies, e.g., neutron stars.
In an effective field theory description of N extended
(compact) objects, finite-size effects are treated by in-
creasing the (leading-order) point-mass action [57]
S0 =
∫
d4x
16πG
√−gR−
N∑
A=1
∫
mAdτA , (3.1)
by additional, nonminimal, couplings involving higher-
order derivatives of the field evaluated along the world-
lines of the bodies [54–56, 67–71]. Here dτA =
5√
−gAµνdzµAdzνA is the (regularized) proper time along
the worldline zµA(τA) of body A, with 4-velocity u
µ
A =
dzµA/dτA. In the matched-asymptotic-expansion ap-
proach to N -body dynamics, body A feels the gravita-
tional field of the whole interacting N -body system via a
smooth “external metric” GAαβ(X
γ) defined in the local
coordinate systemXαA attached to body A [37, 38, 57, 72–
74]. Non-minimal couplings are expressed in terms of two
types of tidal tensors computed from the latter external
metric 4: the gravitoelectric GAL(τA) ≡ GAa1...al(τA), and
gravitomagneticHAL (τA) ≡ HAa1...al(τA), tidal tensors, to-
gether with their proper time derivatives (we follow here
the normalization and notation of Refs. [47, 73, 74]).
These tensors are symmetric, tracefree, and spatial with
respect to uA. [The spatial indices ai = 1, 2, 3 refer to the
local body-fixed coordinates XαA = (τA, X
a
A), attached to
body A.] In terms of these tidal tensors, the general non-
minimal worldline action (for nonspinning bodies) has
the form [47, 54–56]
Snonmin =
∑
A
SAnonmin =
∑
A
∑
l≥2
SA,lnonmin , (3.2)
with SA,lnonmin given by
4 In practice, the use of dimensional regularization allows one to
compute these tensors, and their invariants, directly from the
singular N-body metric gµν(xλ).
SA,lnonmin =
1
2
1
l!
[
µ
(l)
A
∫
dτA(G
A
L(τA))
2 +
l
l + 1
σ
(l)
A
∫
dτA(H
A
L (τA))
2
+µ′A
(l)
∫
dτA(G˙
A
L(τA))
2 +
l
l + 1
σ′A
(l)
∫
dτA(H˙
A
L (τA))
2 + . . .
]
(3.3)
where L = i1 . . . il is a multi-index and µ
(l)
A , σ
(l)
A , µ
(l)
A , µ
′(l)
A
are (electric or magnetic type) tidal coefficients. More-
over, G˙AL(τA) = dG
A
L/dτA and the ellipsis refer either to
higher-order proper-time derivatives of GAL and H
A
L , or
to higher-than-quadratic invariant monomials, built with
GAL and H
A
L and their proper-time derivatives. The al-
lowed monomials are restricted by certain symmetry con-
straints. For example, in the non-spinning case where the
dynamics should be symmetric under time and space re-
flections, monomials which imply time reversal or space
reversal are not allowed. See Ref. [44] for additional
details.
Let us define the “electric” and “magnetic” parts of the
Riemann tensor evaluated along the worldline LA of body
A (the star denoting the dual: R∗αβµν ≡ 12ηαβγδRγδµν
with η0123 = +
√−g))
EAαβ(uA) ≡ RAαµβν(x)uµAuνA ,
BAαβ(uA) ≡ [R∗]Aαµβν(x)uµAuνA , (3.4)
and their three-index (octupolar) counterparts (with the
uA-orthogonal projector P (uA) ≡ g + uA ⊗ uA)
E˜Aαβγ(uA) ≡ Symαβγ (P (uA)µα∇µRβργν)uρAuνA ,
B˜Aαβγ(uA) = Symαβγ (P (uA)
µ
α∇µR∗βργν)uρAuνA .(3.5)
[We added a tilde over them for clarity when later consid-
ering their squares.] We will also consider the invariants
constructed with
E˙A(uA)αβ = ∇uAE(uA)αβ ,
B˙A(uA)αβ = ∇uAB(uA)αβ . (3.6)
In the normalization used to define the nonminimal ac-
tion (3.3), the corresponding electric-type and magnetic-
type tidal quadrupolar and octupolar tensors, Gab, Hab,
Gabc, Habc read
GAαβ ≡ −EAαβ(uA) ,
HAαβ ≡ 2BAαβ(uA) ,
GAαβγ ≡ −E˜Aαβγ(uA) ,
HAαβγ ≡ 2 B˜Aαβγ(uA) . (3.7)
These expressions use the fact that, at the approxima-
tion order where we work here, the Ricci tensor vanishes
so that the various defined tensors are symmetric and
tracefree.
The first few terms of the above expansion of the non-
minimal worldline action are
SGab =
1
4
µ
(2)
A
∫
dτAG
A
αβ G
αβ
A ,
SHab =
1
6
σ
(2)
A
∫
dτAH
A
αβ H
αβ
A ,
SGabc =
1
12
µ
(3)
A
∫
dτAG
A
αβγ G
αβγ
A ,
SG˙ab =
1
4
µ
′(2)
A
∫
dτAG˙
A
αβG˙
αβ
A . (3.8)
Here µ
(2)
A , σ
(2)
A , µ
(3)
A , µ
′(2)
A are tidal coefficients. See, e.g.,
Ref. [59] for their computation, and their links with cor-
responding dimensionless Love numbers. Higher-order
invariants involve higher-than-quadratic tidal scalars,
6e.g., cubic in GAab∫
dτAG
A
abG
AbcGAc
a . (3.9)
Below, we will explicitly consider only the tidal invariants
associated with the body labeled 1 (with mass m1) in a
binary system (i.e., N = 2). The other tidal invariants
are then simply obtained by a 1↔ 2 exchange. We shall
sometimes suppress the body label A = 1.
The quadrupolar electric-type tidal tensor (3.7), in
non-spinning comparable mass binary systems, has been
computed to 1PN fractional accuracy in Refs. [37, 38]
(see also Refs. [39, 75] fore more details). Ref. [76] has
also computed to 1PN accuracy the octupolar electric-
type tidal tensor, Gabc, and the quadrupolar magnetic-
type tidal tensor Hab. The significantly more involved
calculation of tidal effects (along general orbits, but still
in the case of non-spinning binary systems) at the 2PN
fractional accuracy has been done in Ref. [51].
In the present work we will evaluate the tidal invariants
E(u1)
2 ≡ E(u1)αβE(u1)αβ ,
B(u1)
2 ≡ B(u1)αβB(u1)αβ ,
E(u1)
3 ≡ E(u1)αβE(u1)βγE(u1)γα ,
B(u1)
3 ≡ B(u1)αβB(u1)βγB(u1)γα ,
E˜(u1)
2 ≡ E˜(u1)αβγE˜(u1)αβγ ,
B˜(u1)
2 ≡ B˜(u1)αβγB˜(u1)αβγ ,
E˙(u1)
2 ≡ E˙(u1)αβE˙(u1)αβ ,
B˙(u1)
2 ≡ B˙(u1)αβB˙(u1)αβ , (3.10)
along the worldline L1 of the mass m1 using PM the-
ory, at the first PM approximation level, i.e., limiting
ourselves to the first-order in G but including all orders
in v/c. [The tidal coefficients µ
(l)
A , etc., contain a factor
1/G, so that the O(G) tidal action is obtained by insert-
ing the linearized gravity tidal tensors in the nonminimal
worldline action (3.3).]
As explained in Sec. II, the integrated values of all
the above quantities along the worldline L1 define gauge-
invariant quantities of direct dynamical significance inter-
esting for describing tidal effects in scattering situations.
IV. THE FIRST POST-MINKOWSKIAN
APPROXIMATION
As proven in Sec. II above, see Eq. (2.24), the per-
turbed radial action S
(1)
R (E,Pφ) is simply equal to the
on-shell value of the additional worldline action associ-
ated with tidal effects, taken along an unperturbed mo-
tion with given values of energy and angular momen-
tum. In other words, we wish to integrate the tidal action
Snonmin, Eq. (3.3), along an unperturbed hyperbolic two-
body motion with given energy and angular momentum.
This computation can in principle be done to all orders
of post-Minkowskian gravity, which would mean taking
into account all powers of G in the gravitational inter-
action of the two bodies. In the present paper we will
solve this problem at the lowest order, where the inter-
body gravitational field entering the tidal action will be
obtained by solving the linearized Einstein’s equations.
At this leading PM order, when evaluating Snonmin, the
worldlines of the two bodies can be treated as free motion
worldlines (i.e., straight lines in Minkowski spacetime).
At the 1PM order, i.e. when solving the linearized
Einstein equations in harmonic coordinates, the metric
generated by our binary system is of the form gµν =
ηµν + hµν +O(G
2), with
hµν = h1µν + h2µν , (4.1)
where h1µν is generated by L1 and h2µν by L2. When
computing the tidal effects along L1, the external metric
is simply the contribution h2µν from L2, containing a
factor Gm2. Finally, we deal along L1 with the (regular)
metric
g1µν = ηµν + h2µν , (4.2)
with h2µν ∝ Gm2. It is straightforward to compute the
1PM-accurate tidal tensors from the 1PM metric (4.2)
generated by L2. Using, for instance, the results given
in Appendices A and B of Ref. [5], and using the sim-
plifying fact that, at this order, we can consider that L2
is a straight worldline (with tangent u2), we have (at an
arbitrary field point xµ)
h2µν(x) = 2
Gm2
R2
(2 u2µu2 ν + ηµν) , (4.3)
which is conveniently rewritten in the form
h2µν(x) = Φ(x)H2µν ,
Φ(x) ≡ 2Gm2
R2(x)
,
H2µν ≡ ηµν + 2 u2µu2 ν . (4.4)
Here R2 = R2(x) denotes the Poincare´-invariant orthog-
onal distance between the field point x and the straight
worldline L2. Explicitly, R2(x) = |x − z⊥2 (x)|, is the
modulus of the four-vector
Rµ2 (x) = x
µ − zµ2⊥(x) , (4.5)
where zµ2⊥(x) denotes the foot of the perpendicular of
the field point x on the line L2.
The expressions of the two (straight) worldlines are the
following
z1(τ1) = z1(0) + u1τ1 + O(G) ,
z2(τ2) = z2(0) + u2τ2 + O(G) , (4.6)
with u1 and u2 constant vectors. [In the case where one
must take into account the O(G) curvature of L2 the
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tarded and advanced tensor potentials generated by L2.]
It is convenient to choose the origins of the proper-time
parameters along L1 and L2 such that the corresponding
connecting four-vector
bµ ≡ zµ1 (0)− zµ2 (0) , (4.7)
is perpendicular both to u1 and to u2. The vector b
µ
can be thought of as being the Poincare´-invariant four-
vectorial impact parameter of L1 with respect to L2, cor-
responding to a moment of closest approach of the two
bodies. [The vectorial impact parameter of L2 with re-
spect to L1 is simply zµ2 (0)− zµ1 (0) = −bµ.]
As we are computing spacetime scalars, we can choose
a coordinate system which simplifies our computations.
We find convenient to use coordinates adapted to L1, i.e.,
coordinates with respect to which the first body is at rest,
so that (see Appendix A for more details)
τ1 = t, u1 = ∂t, z1(t) = t∂t + b∂x . (4.8)
The body 2 is then moving with respect to these coor-
dinates and we assume that it is in motion along the
(negative) y axis, with
u2 = γ∂t −
√
γ2 − 1∂y, z2(τ2) = τ2 u2 . (4.9)
The Lorentz gamma factor between the two worldlines,
γ ≡ −u1 · u2 , (4.10)
will play an important role in all the formulas below.
[Here, and below, the scalar product u ·v is the Poincare´-
Minkowski one.]
We have assumed that bµ is along the x-axis, and that
z1(0) = b∂x , z2(0) = 0 . (4.11)
In this way we have, for example, that
z⊥2 (x) = τ
⊥
2 (x)u2 , (4.12)
where τ⊥2 (x) is identified by the condition
(x − z⊥2 (x)) · u2 = 0 , (4.13)
namely
u2 · (x− τ⊥2 u2) = 0 , (4.14)
and hence
τ⊥2 (x) = −u2 · x . (4.15)
Consequently
z⊥2 (x) = −u2(u2 · x) = T (u2)x ,
x− z⊥2 (x) = P (u2)x , (4.16)
where T (u2) = −u2⊗u2 projects along u2 while P (u2) =
I − T (u2) = I + u2 ⊗ u2 projects orthogonally to u2.
Explicitly, with respect to the chosen coordinate system,
z⊥2 (x) = (γt+
√
γ2 − 1 y)u2 ,
x− z⊥2 (x) = xα∂α − (γt+
√
γ2 − 1 y)u2 . (4.17)
Moreover,
R2(x)
2 = [x− z⊥2 (x)]2 = x2 + (x · u2)2 (4.18)
= (γ2 − 1)t2 + x2 + γ2y2 + z2 + 2γ
√
γ2 − 1ty ,
(4.19)
so that
R2(x) = |P (u2)x|
=
√
(γ2 − 1)t2 + x2 + γ2y2 + z2 + 2γ
√
γ2 − 1ty .
(4.20)
The corresponding perpendicular distance between the
field point x and L1 reads
R1(x) = |P (u1)x| =
√
x2 + y2 + z2 . (4.21)
One can also evaluate the four-vector Rµ2 (z1(τ1)) con-
necting a point of L1 to its orthogonal foot on L2, i.e.
z1(τ1)− z⊥2 (z1(τ1)) = P (u2)z1(τ1)
= P (u2)(b∂x + τ1u1)
= b∂x + τ1P (u2)u1 . (4.22)
The length of the latter (spacelike) vector reaches its min-
imum value b when τ1 = 0.
One can also easily evaluate the retarded and advanced
points on L1 and L2 associated with the spacetime point
x, say z1R,A = z1(τ1R,A) and z2R,A = z2(τ2R,A). They
correspond to the two roots of the null conditions
(x− z1R,A)2 = 0, (x − z2R,A)2 = 0 . (4.23)
These roots are respectively given by
τ1R,A = −(x · u1)±
√
(x · u1)2 + x2
= −(x · u1)±R1(x)
= t±R1(x) , (4.24)
and
τ2R,A = −(x · u2)±
√
(x · u2)2 + x2
= −(x · u2)±R2(x) . (4.25)
Well known dynamical quantities at the first post-
Minkowskian approximation level, determined in previ-
ous work, are the scattering angle χ and the spin holon-
omy θ. The first quantity, χ, defines the direction of the
final momentum in the center-of-mass frame after the
full scattering process, while the second one, θ, defines
8the precession angle of a spin vector (for spinning bod-
ies) again after the full scattering process (it is known
today up to the 2PM level included [13]). Their 1PM
expressions are the following [12]
χ =
2GM(2γ2 − 1)
b(γ2 − 1) +O(G
2) ,
θ =
2GM
b(γ2 − 1)
{m1
M
(2γ2 − 1)(h− 1)
+
m2
M
[(2γ2 − 1)h− γ]
}
+O(G2) , (4.26)
where
h(γ, ν) ≡
√
1 + 2ν(γ − 1) = E
M
, (4.27)
where E is the total c.m. energy (asymptotically given by
E =
√
m21 +P
2+
√
m22 +P
2). Let us now extend the list
of gauge-invariant scattering observables by computing
integrated tidal scalars.
We must evaluate along L1 the combinations of par-
tial derivatives of h2µν(x) entering the tidal tensor ex-
pressions, and then integrate them over L1, using e.g.,
dxλ = uλ1dτ1.
The partial derivatives with respect to xα of h2µν(x)
(using again u˙2 = O(G)) are given by
∂αh2µν(x) = Φ,αH2µν +O(G
2) ,
∂αβh2µν(x) = Φ,αβH2µν +O(G
2) , (4.28)
where (with R2α = ηαβR
β
2 )
Φ,α = −2Gm2
R32
R2α ,
Φ,αβ =
6Gm2
R52
(
R2αR2β − 1
3
R22P (u2)αβ
)
.(4.29)
After differentiation one must replace x→ x1(τ1).
For example, the Riemann tensor components are
given by
Rαβγδ = H2α[δΦ,γ]β −H2β[δΦ,γ]α . (4.30)
When writing down the explicit expressions of the electric
and magnetic components of the Riemann tensor along
u1, E(u1)αβ , and B(u1)αβ , it is useful to define the fol-
lowing past-directed timelike vector
V µ2 ≡ 2(u1 · u2)uµ2 + uµ1 , V2 · V2 = −1 . (4.31)
Note that V2 is asymmetric under the 1↔ 2 exchange.
We find
E(u1)αγ =
1
2
(
V2αu
β
1Φ,βγ − (u1 · V2)Φ,αγ
−H2αγuβ1uδ1Φ,βδ + V2γuδ1Φ,αδ
)
,
B(u1)
α
γ =
1
2
u1µη
µαρσ
[
V2ρΦ,σγ −H2γρΦσδuδ1
]
,(4.32)
where
H2αδu
δ
1 = V2α ,
H2αδu
α
1u
δ
1 = u1 · V2 = −1 + 2(u1 · u2)2 . (4.33)
With our choice of coordinates, we have u1 · u2 = −γ,
u1 · V2 = 2γ2 − 1, and
E(u1)αγ =
1
2
[
V2αΦ,0γ − (2γ2 − 1)Φ,αγ
−H2αγΦ,00 + V2γΦ,α0] ,
B(u1)
α
γ =
1
2
ǫαρσ [V2ρΦ,σγ −H2γρΦσ0] , (4.34)
where ǫαρσ ≡ u1µηµαρσ .
We first evaluate the values of several scalar tidal func-
tions of the proper time (τ1 = t), along the worldline L1:
f(t) ≡ f(x(t)). For example, the instantaneous value of
the invariant E(u1)
2 at proper time τ1 = t is given by
E(u1)
2 =
18G2m22
[(γ2 − 1)t2 + b2]5
[
1
3
(γ2 − 1)2t4
+
(
γ4 − 4
3
γ2 +
1
3
)
b2t2
+
(
γ4 − γ2 + 1
3
)
b4
]
. (4.35)
It is then convenient to introduce the following shorthand
notation for the corresponding full proper-time integral
〈f〉 ≡
∫ ∞
−∞
f(x(τ1))dτ1 . (4.36)
Our final results have the form
〈E(u1)2〉 = G
2m22
b5
FE2(γ) ,
〈B(u1)2〉 = G
2m22
b5
FB2(γ) ,
〈E(u1)3〉 = G
3m32
b8
FE3(γ) ,
〈B(u1)3〉 = G
3m32
b8
FB3(γ) ,
〈E˜(u1)2〉 = G
2m22
b7
FE˜2(γ) ,
〈B˜(u1)2〉 = G
2m22
b7
FB˜2(γ) ,
〈E˙(u1)2〉 = G
2m22
b7
FE˙2(γ) ,
〈B˙(u1)2〉 = G
2m22
b7
FB˙2(γ) , (4.37)
where we have separated scaling prefactors from func-
tions giving the dependence of the various quantities on
the Lorentz factor γ. Defining
p∞ ≡
√
γ2 − 1 , (4.38)
9the various functions FX(γ) are given by
FE2(γ) =
9π(35γ4 − 30γ2 + 11)
64
√
γ2 − 1
,
=
9π(16 + 40p2∞ + 35p
4
∞)
64p∞
,
FB2(γ) =
45π
√
γ2 − 1(1 + 7γ2)
64
,
=
45πp∞(8 + 7p
2
∞)
64
,
FE3(γ) = −
192(40γ4 − 36γ2 + 7)
385
√
γ2 − 1 ,
= −192(11 + 44p
2
∞ + 40p
4
∞)
385p∞
,
FB3(γ) = 0 ,
FE˜2(γ) =
75π(21γ6 + 385γ4 − 305γ2 + 91)
512
√
γ2 − 1 ,
=
75π(192 + 528p2∞ + 448p
4
∞ + 21p
6
∞)
512p∞
,
FB˜2(γ) =
525π
√
γ2 − 1(3γ4 + 58γ2 + 3)
512
,
=
525πp∞(64 + 64p
2
∞ + 3p
4
∞)
512
,
FE˙2(γ) =
225π
√
γ2 − 1(21γ4 − 14γ2 + 9)
512
,
=
225πp∞(16 + 28p
2
∞ + 21p
4
∞)
512
,
FB˙2(γ) =
1575π(γ2 − 1)3/2(3γ2 + 1)
512
,
=
1575πp3∞(3p
2
∞ + 4)
512
. (4.39)
The high energy (HE, i.e., γ →∞) behaviors of those
functions are:
FE2(γ) HE= FB2(γ) HE=
315
64
πγ3 ,
FE˜2(γ)
HE
= FB˜2(γ)
HE
=
1575
512
πγ5 ,
FE˙2(γ)
HE
= FB˙2(γ)
HE
=
4725
512
πγ5 , (4.40)
while
FE3(γ) HE= −
1536
77
γ3 . (4.41)
On the other hand, FB3(γ) ≡ 0 at all energies because
of its time-reversal antisymmetry.
Note the fact, visible on Eq. (4.40), that the high-
energy behavior of the electric tidal tensors Eαβ , Eαβγ ,
E˙αβ is, respectively, the same as the one of their mag-
netic counterparts, Bαβ , Bαβγ , B˙αβ. This can be un-
derstood from the variance property of those tensors
under boosts of u1, when keeping u2 fixed. For in-
stance, K ≡ Eαβ(u1)Eαβ(u1) − Bαβ(u1)Bαβ(u1) is a
scalar5 invariant under boosts of u1, i.e., independent
of u1. This implies that, contrary to the separate com-
ponents of Eαβ(u1) and Bαβ(u1), K is not amplified by
a factor γ2, when boosting u1 by a factor γ with re-
spect to u2. It is instead independent of γ and propor-
tional to 1/[R2(z1(τ1))]
6. As a consequence, the integral
〈K〉 ∼ ∮ dτ1
R62(z1(τ1))
∼ 1p∞b5 . This is also linked to the fact
that, as γ →∞, the Riemann curvature generated by u2
and observed by u1 is of the null (wave-like) type [77].
V. TRANSCRIPTION OF THE TIDAL
ACTIONS WITHIN THE EOB FORMALISM
In Refs. [47, 51] all consideration were limited to
circular motions, and tidal effects were translated into
a modification of the main radial potential A = −geff00
entering the general EOB mass-shell constraint (2.25).
In the present, hyperbolic-motion, setting, it is more
appropriate to translate tidal effects into an additional
momentum-dependent contribution to the Q term in the
general EOB mass-shell condition (2.25). More precisely,
we consider here a mass-shell condition of the form
gµνSchwPµPν + µ
2 +Qν +Qtidal = 0 . (5.1)
In Eq. (5.1) we have used as EOB effective metric the
Schwarzschild metric of mass M (so that it incorporates
the full 1PM gravitational interaction [9]); Pµ denotes
P eobµ and Q = Qν + Qtidal is the sum of two types of
contributions. The first one, Qν , represents the post-
1PM, and actually, post-Schwarzschild, effects due to PM
gravity [10],
Qν(u,HS) = u
2Qν2(HS) + u
3Qν3(HS) +O(G
4), (5.2)
where u ≡ GM/Reob, and where HS denotes the
Schwarzschild Hamiltonian (say in Schwarzschild coor-
dinates), i.e.
HS(u, PR, Pϕ) =
√
A(R)
(
P 2R
B(R)
+
P 2ϕ
R2
+ µ2
)
, (5.3)
with A(R) = 1/B(R) = 1 − 2u. The value of the 2PM,
O(G2), term u2Qν2(HS) has been computed in Ref. [10],
while the value of the 3PM, O(G3), term u3Qν3(HS) is
still a matter of debate [15, 21, 22, 63]. The additional,
tidal-related contribution Qtidal in Eq. (5.1) is given by
a sum of contributions corresponding to all the different
terms in the non-minimal worldline action (3.2). When
using the energy gauge of Ref. [10], each tidal term scal-
ing like the time integral of some power of the real in-
terbody distance, say ∝ ∫ dτAR−n12 can be made to cor-
respond to an energy-dependent contribution ∝ un in
5 Actually it is proportional to the Kretschmann scalar.
10
Qtidal. It is convenient to work with the following di-
mensionless rescaled version of Qtidal,
Q̂tidal ≡ Qtidal
µ2
. (5.4)
We will therefore be considering an energy dependent
Q̂tidal of the form
Q̂tidal(u, Hˆeff) = −u6
[
qE
2
1 (Hˆeff) + q
B2
1 (Hˆeff)
]
− u8
[
qE˜
2
1 (Hˆeff) + q
B˜2
1 (Hˆeff)
]
− u8
[
qE˙
2
1 (Hˆeff) + q
B˙2
1 (Hˆeff)
]
− u9
[
qE
3
1 (Hˆeff) + q
B3
1 (Hˆeff)
]
+ . . .
+ 1↔ 2 . (5.5)
The precise choice of the energy argument Hˆeff entering
Q̂tidal(u, Hˆeff) is a matter of choice. One could take for
Hˆeff the conserved Hamiltonian associated with the ν-
deformed mass-shell condition gµνSchwPµPν +µ
2+Qν = 0,
or simply the Schwarzschild Hamiltonian HS , Eq. (5.3),
associated with the ν-undeformed mass-shell condition
gµνSchwPµPν+µ
2 = 0. In the present paper, as we will work
to leading-order PM accuracy, this choice will not matter
and it will turn out that we can simply use for Hˆeff the
free-motion effective Hamiltonian Hˆeff = Hˆefffree + O(G),
with Hˆefffree = µ
−1
√
µ2 + P 2R +
P 2
φ
R2 .
The tool for converting real action terms into effective
additional Q terms is given by Eq. (2.38) above that we
rewrite here as
Stidal(E,Pφ) = −1
2
∫
dσ(0)Q
tidal , (5.6)
where, using the free-motion effective Hamiltonian
Heff0 =
√
µ2 + P 2R +
P 2
φ
R2 + O(G), and A = 1 − 2u =
1 + O(G), one finds [with a plus (minus) sign for the
incoming (outgoing) radial integral]
dσ(0) =
AdReob
Heff0
∂Heff0
∂P
(0)eob
R
= ±GM
µ
du
u2
√
(γ2 − 1)− j2u2 +O(G). (5.7)
Here we introduced the dimensionless angular momen-
tum
j ≡ Pφ
GMµ
, (5.8)
and denoted the constant value of the effective energy
Eeff = H
eff
0 simply as µγ, i.e., γ = Eˆeff . [Indeed, asymp-
totically the conserved effective EOB energy is equal to
the Lorentz gamma factor, i.e. to −(P1 · P2)/(m1m2).]
Therefore, denoting umax =
√
γ2−1
j , we find for the di-
mensionless integrated radial action
ŜtidalR ≡
StidalR
GMµ
= −
∫ umax
0
Q̂tidal(u)du
u2
√
(γ2 − 1)− j2u2 . (5.9)
When Q̂tidal(u, γ) = −qn(γ)un (where the argument HˆS
entering Eq. (5.5) has been replaced by γ) we find (as
long as n > 1)
ŜtidalR = +In qn(γ)
(γ2 − 1)n−22
jn−1
, (5.10)
where
In =
∫ 1
0
xn−2√
1− x2 dx =
√
π
2
Γ
(
n−1
2
)
Γ
(
n
2
) . (5.11)
Let us focus on the dominant tidal contribution asso-
ciated with the electric quadrupole tensor. In that case,
n = 6 and the left-hand-side of Eq. (5.10) is
1
4
m2
m1
µˆ
(2)
1
(
GM
b
)5
FE2(γ) , (5.12)
where
FE2(γ) =
9π(35γ4 − 30γ2 + 11)
64
√
γ2 − 1
, (5.13)
and where we introduced the dimensionless version of
µ
(2)
1 , etc. defined as follows
µˆ
(2)
1 =
Gµ
(2)
1
(GM/c2)5
,
µˆ
(2)
1
′ =
Gµ
(2)
1
′
(GM/c2)7
,
µˆ
(3)
1 =
Gµ
(3)
1
(GM/c2)7
, (5.14)
etc.
On the other hand, the right-hand-side is, using I6 =
3π
16 ,
3π
16
qE
2
1
(γ2 − 1)2
j5
. (5.15)
Using the link between b and j [10]
GM
b
=
√
γ2 − 1
h(γ, ν)j
, (5.16)
where (using Hˆeff = γ)
h(γ, ν) =
Ereal
M
=
√
1 + 2ν(γ − 1) , (5.17)
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one obtains
qE
2
1 = 3
m2
m1
µˆ
(2)
1
35γ4 − 30γ2 + 11
16h5(γ, ν)
. (5.18)
This is the contribution to the tidal influence of body 2
on body 1. Therefore, the coefficient of −u6 in Qˆtidal
due to the quadrupolar-electric interaction between the
two bodies will be the 1 → 2 completion of this result,
namely
qE
2
T = q
E2
1 + q
E2
2
= 3
(
m2
m1
µˆ
(2)
1 +
m1
m2
µˆ
(2)
2
)
35γ4 − 30γ2 + 11
16h5(γ, ν)
≡ 3µˆ(2)∗ 35γ
4 − 30γ2 + 11
16h5(γ, ν)
, (5.19)
where we defined
µˆ
(2)
∗ ≡ m2
m1
µˆ
(2)
1 +
m1
m2
µˆ
(2)
2 . (5.20)
To complete our EOB reformulation of tidal effects within
the PM framework let us connect it to the previous PN-
based EOB formulation. The latter [47] was focusing
on circular motions and was describing tidal effects by
means of an additional radial function Atidal(u) in the
main EOB radial potential. This is equivalent to de-
scribing tidal effects by the following squared effective
Hamiltonian
H2eff = (A(R) +Atidal(R))
[
µ2 +
P 2R
B
+
P 2φ
R2
+Qν
]
.
(5.21)
By contrast our present approach consists of describing
tidal effects by
H2eff = A(R)
[
µ2 +
P 2R
B
+
P 2φ
R2
+Qν +Qtidal
]
. (5.22)
Comparing the two approaches we see that our Qtidal
contribution can be translated (along circular orbits) in
the following equivalent tidal potential
Atidal(u) =
[
A(u)
1 +
p2r
B + p
2
φu
2 + Q̂ν
Q̂tidal
]circ
, (5.23)
where now both Qtidal and the phase space variables have
been rescaled, notably, pr = PR/(µ), pφ = Pφ/(GMµ) =
j.
Our PM approach to tidal effects, when restricting to
electric quadrupolar effects, describes them by the Heff -
dependent contribution
Qˆtidal(Hˆeff) = −qE
2
T (Hˆeff)u
6 , (5.24)
where qE
2
T (γ) is given by Eq. (5.19). Interpreting Hˆ
2
eff
as denoting Hˆ2eff = A(1 + 1 +
p2r
B + p
2
φu
2 + Q̂ν), this re-
sult is equivalent to an effective energy-dependent Atidal
potential equal to
Atidal(u, Hˆeff) = −u6A
2(u)qE
2
T (Hˆeff)
Hˆ2eff
. (5.25)
One cannot directly compare the full energy-dependence
predicted by this lowest-PM accuracy result to previous
PN-based results which were PN-corrected, i.e., which in-
cluded combinations of both p2∞ = γ
2−1 and u = GM/R
as corrections up to the 2PN level [51]. One would need
to compute higher PM gravity corrections (i.e. fractional
corrections to Eq. (5.19) involving powers of u = GM/R)
to our PM-based result for doing a meaningful compar-
ison. However, we will compare our new formulation to
the previous one, at the Newtonian level, in the next sec-
tion.
VI. TIDAL CONTRIBUTION TO THE
SCATTERING ANGLE AND TO PERIASTRON
PRECESSION
As we have seen above, the leading PM-order contri-
bution to the tidal action is given by
SE
2
R (E,Pφ)
GMµ
=
1
4
µˆ
(2)
∗ FE2(γ)
(
GM
b
)5
=
1
4
µˆ
(2)
∗ FE2(γ)
p5∞
h5j5
=
9π
16
µˆ
(2)
∗
(
1 +
5
2
p2∞ +
35
16
p4∞
)
p4∞
h5j5
.
(6.1)
Using Eq. (2.21) gives the corresponding leading PM-
order tidal contribution to the scattering angle χ as a
function of γ and j, where we have used γ = Hˆeff and
j = Pφ/(GMµ)
χE2(p∞, j) =
5
4
µˆ
(2)
∗
FE2(γ)p5∞
h5j6
=
45π
256
µˆ
(2)
∗ (16 + 40p
2
∞ + 35p
4
∞)
p4∞
h5j6
.
(6.2)
Let us recall the beginning of the PM expansion of the
scattering angle due to Einstein gravity
1
2
χ(γ, j; ν) =
χ1(γ, ν)
j
+
χ2(γ, ν)
j2
+
χ3(γ, ν)
j3
+
χ4(γ, ν)
j4
+ · · · , (6.3)
where
χ1(γ, ν) =
2γ2 − 1√
γ2 − 1
, (6.4)
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does not depend on ν and
χ2(γ, ν) =
3π
8
(5 γ2 − 1)
h(γ, ν)
. (6.5)
In the HE limit γ → ∞ this 2PM-accurate scattering
angle has a finite limit (which is independent of the sym-
metric mass ratio ν) if the ratio
α =
γ
j
, (6.6)
is kept fixed (and small). Namely,
1
2
χ(γ, j; ν)
HE
= 2α+
15π
8
α2
h
+O(G3) , (6.7)
where the term of order α2 is negligible because h ≈√
2νγ → ∞. There is a current debate about the re-
cently computed 3PM O(G3) contribution [21, 22] which
yields a divergent G3 contribution, O(α3 ln(γ) → ∞
as γ → ∞, while the computation of Ref. [66] (see
also [30]) got a finite O(α3) correction in the massless
limit. [The massless limit m1,m2 → 0 corresponds to
γ = −(P1 · P2)/(m1m2) → ∞.] See also the conjectured
3PM dynamics of Ref. [63] leading to a finite O(α3). In
addition, both Refs. [66] and [63] argued that the HE
limit of χ/2 should be of the form 2α+ c3α
3+ c5α
5+ . . .,
i.e., with odd powers only.
Let us then consider the high-energy limit of χE
2
when
α is kept fixed. It reads
χE
2 HE
=
1575
256
πµˆ
(2)
∗
γ2
h5
α6 . (6.8)
It contains a factor α6 as expected from a ∼ j−6 effect.
We note, however, the following limiting property of the
energy-dependent ratio multiplying α6
γ2
h5
=
γ2
[1 + 2ν(γ − 1)]5/2
HE
=
1
(2ν)5/2
1
γ1/2
→ 0 . (6.9)
From this point of view, we conclude that, in the HE
limit, the tidal corrections to scattering behave in the
way expected, i.e. similarly to the non-tidal α6-correction
coming from Einstein gravity. Indeed, one expects the
latter to be suppressed compared to the terms involving
odd powers of α (in a way similar to the O(α2) contri-
bution discussed above), so as to leave a final result in-
dependent of the masses (and of the internal structures)
of the scattered HE bodies.
Let us note in passing that the HE behavior of tidal
effects is also potentially important when considering cir-
cular motions. Indeed, Ref. [51] has pointed out the
possible existence of a power-law divergence as the circu-
lar motion is formally allowed to approach the lightring,
i.e., a circular orbit where Hˆ2eff = γ
2 goes to infinity.
Even if such an orbit is never physically reached during
the inspiral of a real binary system, such a power-law
blow-up would imply an increase of the strength of tidal
effects during the last inspiraling orbits before merger
which seems to be needed to get a good agreement with
numerical simulations. [For more discussions of this is-
sue see Refs. [43, 64].] However, as already mentioned,
our current 1PM-accurate result would need to be im-
proved by ∼ GM/R + (GM/R)2 + . . . PM corrections
to meaningfully discuss the HE behavior happening near
the lightring.
Recently, Ref. [27] has pointed out a simple link be-
tween scattering angle and periastron precession, namely
∆Φ(E,Pφ) = [χ(E,Pφ) + χ(E,−Pφ)]analytically continued ,
(6.10)
under the assumption that one can define a suitable an-
alytic continuation of the energy E from the scattering
domain, E ≥ M , to the bound-state one, E ≤ M . In
terms of γ = Eeff/µ this corresponds to a continuation
from γ ≥ 1 to γ ≤ 1, while in terms of the more di-
rectly relevant variable p∞ =
√
γ2 − 1, this corresponds
to a Wick rotation of p∞ from the real axis to the imag-
inary one. If one applies this prescription to the above
lowest-order PM estimate of the tidal scattering angle
χE
2
(p∞, j) one formally gets a corresponding periastron
precession equal to
∆Φ1PME2 (p∞, j) =
45π
128
µˆ
(2)
∗ (16 + 40p
2
∞ + 35p
4
∞)
p4∞
h5j6
,
(6.11)
without encountering ambiguities in the analytic contin-
uation in p∞ because the odd power of p∞ contained in
FE2 has been cancelled by the p5∞ factor.
However, one cannot directly compare the full struc-
ture of the formal 1PM expression (6.11) to any known,
well-defined periastron advance result. Indeed, Eq.
(6.11) is the first term in an expansion in powers of
1/j ∝ G, while keeping fixed p∞. The missing fractional
corrections to (6.11) include, in particular, powers of
ǫ ≡ 1
p∞j
. (6.12)
[The notation ǫ introduced here should not be confused
with the use of ǫ as a generic small parameter in Sec. II
above.] In other words, the 1PM expression (6.11) makes
sense only if ǫ ≪ 1. On the other hand, the periastron
advance ∆ΦE2 is an observable which makes sense only
for ellipticlike, bound orbits, i.e. in the case where the
Newtonian eccentricity, e, whose square can be defined
as (see below)
e2 ≡ 1 + p2∞j2 = 1 +
1
ǫ2
, (6.13)
is smaller than 1. This conflicts with the domain of va-
lidity ǫ≪ 1, of the PM expansion, which implies e≫ 1.
However, if we restrict ourselves to the PN regime,
c→∞, in which p∞ ∝ 1c ≪ 1, while j ∝ c≫ 1, keeping
fixed the product p∞j (and therefore the eccentricity),
we can interpolate between the PM domain of validity,
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e ≫ 1, and the elliptic-motion domain, e < 1, where
∆ΦE2 is defined. Let us then consider the non-relativistic
(Newtonian-level) limits (obtained using p∞ ≪ 1 and
h ≈ 1) of our above 1PM results for χ, and its formal
counterpart ∆Φ (Eq. (6.11)), namely
χ1PM∩NewtonE2 (p∞, j) =
45π
16
µˆ
(2)
∗
p4∞
j6
, (6.14)
and
∆Φ1PM∩NewtonE2 (p∞, j) =
45π
8
µˆ
(2)
∗
p4∞
j6
. (6.15)
We are going to compare these expressions to the
corresponding complete Newtonian-level predictions for
the (quadrupolar) tidal contributions, χNewtonE2 and
∆ΦNewtonE2 , to the scattering angle and to periastron pre-
cession.
As far as we know, while ∆ΦNewtonE2 (p∞, j) is known
from classic works in Newtonian gravity [78], the cor-
responding scattering angle χNewtonE2 (p∞, j) has never
been obtained in the literature. We are going to derive
χNewtonE2 (p∞, j), and the corresponding ∆Φ
Newton
E2 (p∞, j),
and then compare these Newtonian-level results to the
above 1PM ∩ Newton expressions (6.14), (6.15).
To derive χNewtonE2 (p∞, j) (and the corresponding
∆ΦNewtonE2 (p∞, j)) we must consider the effect of adding
a O(1/R6) perturbation to the Newtonian potential. We
can easily do that within the EOB framework by consid-
ering a squared effective EOB Hamiltonian of the form
(Hˆ2eff)
Newton = 1 + p2r + j
2u2 − 2u− Cu6 . (6.16)
Such an effective EOB Hamiltonian is obtained from Eq.
(5.1) by treating the Schwarzschild piece of the mass-shell
contraint to leading Newtonian order (i.e. using A =
1−2u and B = 1), by neglecting the 2PM correction Qν ,
and by adding only the leading-order O(u6) tidal term
from Qtidal. From Eqs. (5.25) and (5.19), the coefficient
C in front of −u6 is the Newtonian limit of qE2T (Hˆeff),
namely
C = 3 µˆ
(2)
∗ . (6.17)
The conserved energy of (Hˆ2eff)
Newton− 1 is γ2− 1 = p2∞.
We can then apply the same approach as above to the
effective Hamiltonian (6.16). Instead of Eq. (5.9), we
now get the Newtonian-level tidal action
ŜtidalNewton = −
∫ u+
0
Q̂tidal(u)du
u2
√
p2∞ − j2u2 + 2u
. (6.18)
where Q̂tidal(u) = −Cu6, and where u+ is the positive
root of the squared denominator.
The computation of the integral (6.18) is elementary.
In terms of the above-defined ǫ, Eq. (6.12), it can be
rewritten as
ŜtidalNewton = C
p4∞
j5
I4(ǫ) , (6.19)
where
I4(ǫ) = +
∫ x+(ǫ)
0
x4dx√
1− x2 + 2ǫx , (6.20)
with x+(ǫ) = ǫ +
√
1 + ǫ2. The explicit value of I4(ǫ) is
I4(ǫ) =
(
3
8
+
15
4
ǫ2 +
35
8
ǫ4
)
B(ǫ) +
55
24
ǫ+
35
8
ǫ3 , (6.21)
with B(ǫ) ≡ arctan(ǫ) + π2 .
From the action (6.19), one computes χ by differenti-
ating with respect to j:
χNewtonE2 (p∞, j) = −
∂
∂j
ŜtidalNewton(p∞, j) . (6.22)
This leads to the following result for χ,
χNewtonE2 (p∞, j) = C
p4∞
j6
[
5I4(ǫ) + ǫ
∂I4(ǫ)
∂ǫ
]
, (6.23)
whose explicit form reads
χNewtonE2 (p∞, j) = C
p4∞
j6
[(
15
8
+
105
4
ǫ2 +
315
8
ǫ4
)
B(ǫ)
+
ǫ(113 + 420ǫ2 + 315ǫ4)
8(1 + ǫ2)
]
. (6.24)
This expression is a complicated function of ǫ. At this
stage, one must remark that ǫ = Gm1m2/(p∞Pφ) is of
order O(G). Our previous 1PM result was obtained at
leading order in the expansion in powers of G. This cor-
responds to taking the leading order in the expansion of
χNewtonE2 in powers of ǫ. Alternatively (and more physi-
cally), we can remark that the quantity e, defined above
by Eq. (6.13), is the Newtonian eccentricity of the orbit,
corresponding to the existence of two roots of p2r (cor-
responding to the squared denominator of Eq. (6.18)).
More precisely, e2 is larger than 1 when p∞ is real, so
that p2∞ > 0 (hyperbolic motion), and smaller than 1
when p∞ is purely imaginary, so that p
2
∞ < 0 (elliptic
motion). The leading order PM approximation (small
scattering angle) corresponds to e → ∞, which indeed
corresponds to ǫ→ 0.
In the ǫ→ 0 limit, it is enough to use the first term in
the ǫ expansion of I4(ǫ):
I4(ǫ) =
3
16
π+
8
3
ǫ+
15
8
πǫ2+8ǫ3+
35
16
πǫ4+O(ǫ5) , (6.25)
namely I4(0) =
3
16π. Inserting this value in Eq. (6.23)
(or taking the ǫ→ 0 limit of (6.24)) yields
χNewton large eE2 =
15π
16
C
p4∞
j6
=
45π
16
µˆ
(2)
∗
p4∞
j6
, (6.26)
in agreement with Eq. (6.14).
Let us now consider the periastron advance ∆Φ, as ob-
tained from Eq. (6.10). The analytic continuation from
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hyperbolic to elliptic motions involves Wick rotating p∞,
and therefore ǫ = 1/(p∞j), from the real axis to the
imaginary axis. In addition, Eq. (6.10) involves taking
(twice) the even part with respect to j, i.e., taking (twice)
the even part with respect to ǫ. Finally, this leads to an
expression for ∆Φ obtained from Eq. (6.23) by replacing
I4(ǫ) by
J4(ǫ) = I4(ǫ) + I4(−ǫ) . (6.27)
This replacement drastically simplifies I4(ǫ) into
J4(ǫ) = π
(
3
8
+
15
4
ǫ2 +
35
8
ǫ4
)
. (6.28)
This then yields
∆ΦNewtonE2 (p∞, j) = C
p4∞
j6
[
5J4(ǫ) + ǫ
∂J4(ǫ)
∂ǫ
]
=
15π
8
C
p4∞
j6
[
1 + 14ǫ2 + 21ǫ4
]
,
= 15πC
p4∞
j6(1 − e2)2
[
1 +
3
2
e2 +
1
8
e4
]
.
The analytic continuation to imaginary values of p∞ is
then unambiguous because the above expression is a func-
tion of p2∞.
Finally, using p2∞j
2 = e2 − 1, and C = 3 µˆ(2)∗ , one gets
∆ΦNewtonE2 (p∞, j) =
45πµˆ
(2)
∗
j10
[
1 +
3
2
e2 +
1
8
e4
]
. (6.29)
On the one hand, this expression agrees with the classic
Newtonian result of Ref. [78], when using the link [59]
Gµ
(2)
A =
2
3
k
(2)
A R
5
A . (6.30)
On the other hand, if we formally consider the large ec-
centricity limit, e ≫ 1, of the expression (6.29) (though
it is physically defined only when e < 1), one gets
∆ΦNewtonE2 (p∞, j)
e≫1
=
45π
8
µˆ
(2)
∗
e4
j10
e≫1
=
45π
8
µˆ
(2)
∗
p4∞
j6
. (6.31)
On the second line, we have used the definition (6.13) of
e2, leading to e4 ≈ p4∞j4 in the large-eccentricity limit.
We see that the latter final expression agrees with the
formal 1PM ∩ Newton expression (6.15).
This exercize has highlighted the fact that, in spite of
the simple formal link (6.10), there is a long theoretical
distance separating the PM-expansion of the scattering
angle (valid in the large eccentricity limit, e ≫ 1), and
the PN-expansion of the periastron advance (meaningful
only for e < 1).
VII. CONCLUDING REMARKS
We have extended the post-Minkowskian approach to
the computation of tidally interacting binary systems.
Our computation used the effective field theory descrip-
tion of tidally interacting bodies, and was simplified by
using general properties of perturbed actions. We com-
puted several tidal invariants (notably the integrated
quadrupolar and octupolar actions) at the first post-
Minkowskian order, and derived the corresponding con-
tributions to the scattering angle, and to the periastron
advance. We showed also how to transcribe our post-
Minkowskian tidal results in the effective one body for-
malism, using the same type of energy gauge that was
recently used in the post-Minkowskian approach to the
dynamics of point masses. It would be interesting to ex-
tend our computation to higher post-Minkowskian levels
so as, notably, to clarify the high-energy behavior of the
tidal interaction of two bodies.
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Appendix A: Four velocities, momenta and
center-of-mass at the Minkowskian level
FIG. 1: The figure shows the choice of the the axes (adapted
to uµ
1
, and to the vectorial impact parameter bµ), and the ori-
gin (located on L2), of the coordinates we use in the text. The
z coordinate of any point is assumed to be 0 and is omitted.
In the Minkowskian discussion of the two-body prob-
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lem the following four-vectors are relevant
u1 = ∂t ,
u2 = γ∂t −
√
γ2 − 1∂y ,
U =
m1u1 +m2u2
Ereal
=
X1
h
u1 +
X2
h
u2 , (A1)
where u1 is the four-velocity of body 1, u2 that of body
2, U that of the c.m. frame, and
Ereal =
√
m21 +m
2
2 + 2m1m2γ = Mh(γ, ν) . (A2)
Here we used coordinates adapted to L1.
One can complete the unit timelike vectors u1, u2 and
U by corresponding spatial, orthonormal vectorial frames
(respectively orthogonal to u1, u2 and U) as follows
1. Spatial, orthonormal frame completing u1
e(u1)1 = ∂x , e(u1)2 = ∂y , e(u1)3 = ∂z . (A3)
2. Spatial, orthonormal frame completing u2
e(u2)1 = ∂x ,
e(u2)2 = −
√
γ2 − 1∂t + γ∂y ,
e(u2)3 = ∂z . (A4)
3. Spatial, orthonormal frame completing U
e(U)1 = ∂x ,
e(U)2 = − sinhα∂t + coshα∂y ,
e(U)3 = ∂z , (A5)
where
sinhα =
m2
√
γ2 − 1
Ereal
, coshα =
m1 +m2γ
Ereal
.(A6)
Note the expressions of sinhα and coshα in terms of j
and of the impact parameter b:
sinhα =
Gm2j
b
, coshα =
Gj
b
m1 +m2γ√
γ2 − 1 , (A7)
implying
Gm1j
b
=
√
γ2 − 1 coshα− γ sinhα . (A8)
With this notation the center-of-mass 4-velocity U reads
U = coshα∂t − sinhα∂y . (A9)
These frames are obtained by boosting the spatial frame
of u1 into the local rest spaces of u2 and U . The spatial
frame associated with U has the peculiarity that one leg
of the triad [e(U)2] is aligned with the direction of the
spatial momentum of each of the particles.
The spacetime vectorial frame (U, e(U)1, e(U)2, e(U)3)
is the c.m. frame. Decomposing P1 = m1u1 and P2 =
m2u2 along this frame gives
P1 = m1u1 = E1U + P e(U)2 ,
P2 = m2u2 = E2U − P e(U)2 , (A10)
with E1 + E2 = Ereal, and
E1 =
√
m21 + P
2 = m1 coshα = m1
m2γ +m1
Ereal
,
E2 =
√
m22 + P
2 = m2 coshα
′ ≡ m2m1γ +m2
Ereal
,
P =
m1m2
√
γ2 − 1
Ereal
= m1 sinhα = m2 sinhα
′ .
(A11)
The Mandelstam variable s associated with P1 and P2
reads
s = −(P1 + P2)2 = E2real . (A12)
We also recall the following definitions for the spatial
four-velocity6 of each body seen in the rest frame of the
other one,
u21 = P (u1)u2 = −
√
γ2 − 1 ∂y ,
u12 = P (u2)u1 =
√
γ2 − 1 e(u2)2 , (A13)
where we recall that P (u) = I+u⊗u denotes the projec-
tor orthogonal to the unit timelike vector u. Here e(u2)2,
defined in Eq. (A4), is the boosted y axis in the local rest
space of u2 with u2 · e(u2)2 = 0. Therefore,
u12 = −(γ2 − 1)∂t + γ
√
γ2 − 1∂y , (A14)
and
u1 · u12 = u2 · u21 = γ2 − 1 . (A15)
Note that |u12| = |u21| =
√
γ2 − 1 is equal to the EOB
asymptotic momentum p∞.
For completeness, let us write the parametric equations
of the two worldlines in the coordinate system associated
with L1
z1(τ1) = τ1∂t + b∂x ,
z2(τ2) = γτ2∂t −
√
γ2 − 1τ2∂y . (A16)
We can also define coordinates, (tcm, xcm, ycm, zcm),
adapted to the c.m. frame. They are related to the
coordinates (t, x, y, z) adapted to L1 via
tcm = coshα t+ sinhαy ,
xcm = x− E1
Ereal
b ,
ycm = sinhα t+ coshαy ,
zcm = z , (A17)
6 We denote some spacelike four-vectors by a boldface.
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with inverse
t = coshα tcm − sinhαycm ,
x = xcm +
E1
Ereal
b ,
y = − sinhα tcm + coshαycm
z = zcm , (A18)
As is standard, the origin of these coordinates has been
taken as the center of energy of z1 and z2, when viewed
in the c.m. frame, and at the same c.m. time tcm.
Finally, the Pauli-Lubanski pseudo-vector
Lβ ≡ ηαβµνUα(zµ1 (τ1)P ν1 + zµ2 (τ2)P ν2 ) (A19)
is independent of τ1 and τ2, and has, as only nonzero
component, Lz = b P = Pφ = Gm1m2j both in the L1
coordinate system, and in the c.m. one.
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